EQUIVALENCE OF GROUP ACTIONS ON RIEMANN 

SURFACES 
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Abstract. We produce for each natural number n > 3 two 1— parameter fam- 
ilies of Riemann surfaces admitting automorphism groups with two cyclic sub- 
groups Hi and H2 of orden 2" , that are conjugate in the group of orientation- 
preserving homeomorphism of the corresponding Riemann surfaces, but not 
conjugate in the group of conformal automorphisms. 

This property implies that the subvariety A4g{Hi) of the moduli space A4g 
consisting of the points representing the Riemann surfaces of genus g admitting 
a group of automorphisms topologically conjugate to Hi (equivalently to H2 
) is not a normal subvariety. 



1. Introduction 

When we consider a group G and say that G acts on a Riemann surface S, we are 
saying that there exists a group monomorphism from G to Aut(S'), where Aut(S') is 
the group consisting of the self-maps of S (automorphism or bi-holomorphic map) 
which preserve the complex structure. 

Two subgroups, say Hq , Hi < Aut(S) are said to be conformally equivalent (re- 
spectively, topologically equivalent) if there exists an automorphism (respectively, 
an homeomorphism) t : S S so that tHot~^ = Hi. 

It is clear from the definition that any two conformally equivalent subgroups are 
topologically equivalent, but the reciprocal is in general false. 
G. Gonzalez in [5l |6] proved that if Ha and Hi are cyclic groups of order p prime, 
S/Hq is the Riemann sphere and Hq and Hi are topologically equivalent, they 
should be conformally equivalent. 

Continuing with the cyclic case for a group of prime order, a relationship between 
two topologically equivalent actions for the generating vectors is given by J. Gilman 
in [9]. The case where the group is cyclic, a relationship between the local structure 
for the automorphisms with fixed points and the epimorphism associated to the 
action is given by W. Harvey in [10 . 

Later in |^, G. Gonzalez-Diez and R.Hidalgo give an example of two actions of 
Z/8Z on a family of compact Riemann surfaces of genus 9 that are directly topo- 
logically, but not conformally, equivalent, except for finitely many cases. 

Studying the classification of actions contributes to the understanding of the prop- 
erties of the moduli space Mg. 

For a compact Riemann surface 5*0 of genus g, consider the subgroup Hq < Aut(S'o), 
the set 

X{So,Hq) = {{S,H) : 3t e Homeo + {Sq, S) ,tHot-^ = H] 
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and the equivalence relation: {Si, Hi) ^ (5*2, i?2) if and only if there is S 
Isom(S'i,52) sojhat (l)Hi(l)-^ = H2. 

We denote by A^g(iJo) the quotient space defined by the above relation. This turns 
out to be a normal space. 

Consider Aig the moduli space associated to Sq, that is, a model of moduli space 
of genus g. 

Let Mg{Ho) = {[S] eMg :3te Honieo +(5o, S) ,tHot-'^ < Aut(S')}. 
The forgetful map is defined by 

r:Mg{Ho) Mg{Ho) 
[iS,H)] - [S] 

As is well known, Aig{Ho) is the normalization of Aig{Ho). Moreover, P is not 
bijective if only if there exists a compact Riemann surface S of genus g admitting 
two groups of automorphisms Hi and H2 which are directly topologically, but not 
conformally, conjugate to Hq. For further details, see [?]• 

Section 2 contains an overview of definitions and relevant results about automor- 
phisms of Riemann surfaces and Fuchsian groups. 

Section 3 contains some our contribution to the problem of the classification of 
actions. For cyclic groups, Theorem l3.2l gives a condition on the generating vectors 
under which two actions are directly topologically equivalent. Also, we generalize 
a result due to Harvey [10, Theorem 7]. 

Section 4, inspired by the paper of G. Gonzalez-Diez and R. Hidalgo [8], we produce 
for each n S N the families ©1 and ©2- By definition, ©^ with i = 1,2, consists of 
the Riemann surfaces of genus 3(2" — 1) defined by 

/a,A = y'" - x'^ {x^ - If {x^ - A^) {x^ - A"2) 

When 1 = 1 (resp. i = 2), the automorphism group for the elements of ©i (resp. 
©2) is Z/2"+iZ X Z/2Z (resp. Z/2"+iZ X/, Z/2Z). In both cases, there exist two 
cyclic subgroups which define directly topologically, but not conformally, equivalent 
actions. 

2. Preliminaries 

We say cr is a holomorphic map of Riemann Surfaces from Si to S2 if, for each 
P S Si, {U,(j)) chart centered at P and (1^, ^A) chart centered at Q = <^{Q) G S2, 
then we have tp o a o is a holomorphic function. The order at zero for this 
holomorphic function it is called the multiplicity at P. When the multiplicity at 
P is greater than or equal 2 we say P is a ramification point of a. The point 
Q = cr{P) is called branch point of a. 

For a bijective holomorphic map, cr : Si — > S2, we say cr is a bi-holomorphic 
map or a isomorphism between Riemann surfaces. When Si = S2 we say a is an 
automorphism of S. From now on, Isom(5i, 5*2) (respectively Aut(S')) denotes the 
isomorphisms set between Si and S2 (respectively automorphism of S). 
Let 5* be a compact Riemann surface of genus g > 2. For each P G S, consider the 
subgroup of Aut(S') given by 

Aut(S')p = {a<E Aut(S') : a{P) = P} , 

called stabilizer subgroup. 
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Now let ([/, 0) be a chart centered at P, and a E Aut(5)p then we have 

0ocro,^-l(z) = ^ c™(cr)z" 
rn>l 

and we define 

Sp ; Aut(S')p — > = {z e C : |z| = 1} 

(T Ci((t) 

Theorem 2.1. T/ie map dp is a group monomorphism. Further, Aut(S')p is a 
cyclic finite subgroup ofAut{S). 

The proof of this theorem can be found in |16) . 
Note that for r G Aut(S') and a € Aut(S')p we have t o a o r^^ Aut(5)g where 
Q — t{P). It is not difiicuh prove that Sq{t o a o t~^) = Sp{a). 

2.1. Fuchsian groups. Let A denote the unit disk {z : \z\ < 1} and let Aut(A) 
be the group of Mobius transformations self-mappings of A. A Fuchsian group is a 
discrete subgroup F of Aut(A). Let PSL{2,'C) denote the Mobius transformations 
group and let T be a Mobius transformation. If T ^ 1 then T has one or two fixed 
point. If T has one fixed point, it is called parabolic transformation. Now let T be 
a subgroup of PSL{2,C). We say that T acts properly dis continuously at zq G C 
provided that the stabilizer subgroup of T at zq, T^^, is finite, and there exists a 
neighborhood U of zq such that 

T{U)^U ,VTgT2o and [/nT(L/)=0 ^WeT-T^^ 

Denote by i7(T) the region of discontinuity of T, that is, the set of point zq G C 

such that T acts properly discontinuously at zq. The complement of set Q{T) is 
denote by A(T) and call the limit set of T. 

A Fuchsian group F (acting on the unit disk A) must satisfies that A C f^(F). 

Let F be a Fuchsian group. Since F acts on A, we may consider the natural 
projection 

TTr : A — > A/F 
O = A/F has a Riemann orbifold structure, that is, 

(i) an underlying Riemann surface structure O so that tty : A ^ O is a 
holomorphic map; 

(ii) a discrete collection of cone points (branch points of tt) ; and 

(iii) at each cone point p a cone order; this being the order of the stabilizer 
cyclic subgroup of any point q so that T:{q) — p. 

If F is torsion-free such that A(F) = then Hi (O) = F, and O has not cone 
point. Furthermore let F' be a Fuchsian groups such that F' is torsion-free and 
A(r') = . Then 5 = A/F and 5" = A/F' are isomorphic Riemann surfaces if 
only if there exists T G Aut(A) such that F' = TFT^i. 

If F is finitely generated, without parabolic transformations and A(F) = S^, then 
O is a compact Riemann surface of some genus 7 and there are a finite set of cone 
points. Furthermore if F torsion-free then the genus of A/F is at less 2. 
If F is finitely generated, without parabolic transformations and A(F) = , whose 
underlying Riemann surface has genus 7 and the cone orders are mi , ■ • • , nrir , then 
we define its signature (for both, F and O) as the tuple (7; mi, • • • , m^). 
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The holomorphic map ttt is called a branched covering of type (7; mi, • • • , rrir). 
When a Fuchsian group T has signature (7; mi, • • • ,mr), there is a presentation 
associated for the group F, this is, there exist ai, 61, • • • , a-y, 6^, xi, • • • , G F such 
that F has a presentation: 

(2.1) r = ( ai,bi, .. ,aj,b^,xi, ..,Xr ■ a;™' = • • • = .x™'^ = ]^[ai,6i] a;^ = 1 \ 

\ i=l j=i / 

where [ai,bi] = a.ihia^^bj^ . 

Further, we have that for each j , the subgroup generate for < Xj > is a maximal 
finite cyclic subgroup. Moreover, this subgroup is the F— stabilizer of a unique 
point in A, and each element of finite order in F is conjugate to a power of some 

Xj. 

When Xj is conjugate (in Aut(A)) to the rotation R{z) = exp (^^^ z (respectively 

R(z) ~ exp^— z), say Xj is a positive minimal rotation (respectively non- 
positive minimal rotation). We say that minimal rotation in any these 
cases. 

According to the paper of L.Keen [12] (also see [Til Theorem 4.3.2]) we may con- 
struct for F a hyperbolic polygon with 47 + 2r sides. 

Associated to this hyperbolic polygon we may find a presentation for F as ()2.ip 
such that for each j — 1, .. ,r Xj is a positive minimal rotation. 
We remark that for every signature (7; mi, m2, ■ • • , m,.) such that 

27-2 + 5:fl-^ 

there exists F a Fuchsian group, uniquely determined up conjugation in Aut(A), 
with this signature. 

For more details see [M], [4], [11] and [15]. 

Consider two Fuchsian groups Fi,F2 . We say that Fi is geometrically isomorphic 
to F2 if there exists a self-homeomorphism of A, say T € Homeo (A), and a group 
isomorphism x : Fi — > F2 such that for all x G Fi the following holds 

x(x) — T o X o T^^ . 

We also say that the group isomorphism x : Fi — >■ F2 can be realized geometrically 
if there exists T G Homeo (A) such that the previous condition is true. 

Theorem 2.2. Let x ■ Ti — > ^2 be an isomorphism between finitely generated 
Fuchsian group, both without parabolic elements, with A(Fj) = , for j = 1,2. 
Then x is geometric. 

The preceding theorem holds at the level of Non Euclidean plane Crystallographic 
groups (NEC groups), that is, finitely generated discrete subgroup of isometries of 
the hyperbolic disc containing no parabolic elements. For more details see [Mj pag. 
1201]. 

At this point it is important to note that two homeomorphism, say i^i , i^2 : A — > 
A, defining the same isomorphism x : Ti — > ^2, must have the same orientability 
type. In fact, the homeomorphism Fj^^ o Fi : A — > A defines the identity auto- 
morphism of Fi. It can be proved that, in this case, o Fi is homotopic to the 
identity. 
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We remark that in general we may not assume the homeomorphism that reahzes 
the isomorphism should be orientation preserving. An example of this situation is: 
let r be a Fuchsian group with signature (0; 5, 5, 5) the isomorphism x ^ T ~^ T 
given by xi^j) — ^J^ {^^r j = 1,2 and notations as (|2.ip ). 



2.2. Actions on Riemann surfaces. Let e : G — > Aut(S') be an action of G on 
S, where 5 is a Riemann surfaces of genus at less 2 and G is a finite group. 
We may consider for each P € S the stabilizer subgroup of P, this is 

Gp = {DeG: e{D){P) ^ P) . 

Since s{Gp) < Aut(S')p it follow of the theorem (|2.ip that Gp is a cyclic group. 
For the action e : G — > Aut(5) we have the natural projection tt : S — > S/e{G). 
Using this projection we can give to S/e{G) an complex structure. Hence S/e{G) 
is a compact Riemann surfaces and tt is a holomorphic map of Riemann surfaces. 
Further we have that P S 5 is a ramification point of tt if only if Gp 7^ {Id}, 
furthermore the multiplicity of P is |Gp|. Then tt is a smooth covering (unbranched 
covering) on the complement of a finite set, the ramification points set. 
We called to tt a branched covering, and we say that tt has a signature (7; mi, • • • , rrir) 
where 7 is the genus of S/e{G) , rrij are the multiplicity of the ramification points, 
and r is the number of the branch points of tt. Sometimes also we will say G acts 
on S with signature (7; mi, ■ ■ ■ , m^). For this notation we suppose mi > ■ ■ ■ > rrir ■ 
The following theorem give a relation between the action on Riemann surfaces 
theory and the Fuchsian group theory; 

Theorem 2.3. Let S be a compact Riemann surface of genus g > 2 and let G 
be a finite group. There is an action e of G on S with signature (7; rrii, ■ ■ ■ , m^) 
if and only if there are a Fuchsian group T with signature (7;toi,--- ,mr) , an 
epimorphism 9^ : T ^ G such that K = ker(0£) is torsion-free Fuchsian group, 
A(i4') = 5'"'^ and IS./ K is a Riemann surface isomorphism to S . 

We have /S./K is a Riemann surface isomorphic to S. Call f : A/K ^ S to this 
isomorphism and t:k ■ A — > A/K to the natural projection. If X is the universal 
covering for S, then we may lift / to P : A — > X isomorphism of Riemann surfaces. 
For X G T we define = f ° x o f^^ where x is the automorphism of A/K 

induced by x (i.e. t:k o x ~xo t:k)- 

3. Equivalence of actions 

Let Sj be a Riemann Surface for j = 1, 2, and G be a group. The actions ei, £2 of 
G on Si and ^2 respectively, are called topologically equivalent if there exist $ e 
Aut (G) and t g Homeo (5*1, 5*2) such that the following diagram is commutative 



G ei(G) 



G £2(G) 

where ^((t) := t o t ot^^ and Homeo (5*1,52) is the group of homcomorphisms 
of 5*1 on 52 . 
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If < G Homeo ~^ {Si, S2) then we say that £1, £2 are directly topologically equivalent, 
where Homeo ''"(>5'i,52) is the group of orientation preserving homeomorphisms 
of 5*1 on iS'2. Further if i S Isoin(5i, 6*2) then we say that Si, Si are conformally 
equivalent. 



If Ej is an action of G on Sj , then by the theorem 12.31 there exist Tj and Kj 
Fuchsian groups and an epimorphism — 6j : Tj ^ G such that Kj — ker(0j). 
The following theorem we give a relation between 9i and 62 when the actions si 
and £2 are equivalents of some type. 

Theorem 3.1. £1 is topologically equivalent to £2 (respectively directly topologically 
equivalent or conformally equivalent) if only if there exists T G Homeo (A) (respec- 
tively T e Homeo ^(A) or T ^ Aut(A)J and a group isomorphism <i> : £i(G) — > 
£2(0) such that <^ o Oi = O2 o Xt where Xt{x) = T o x o T~^. 

Proof. For each j, call fj : ^/Kj — > Sj to the isomorphism between A/Kj and 
Sj given by the theorem 12.31 If £1 is topologically equivalent to £2 (respectively 
directly topologically equivalent or conformally equivalent) then there exists t £ 
Homeo {Si,S2) (respectively t e Homeo ''"(S'l, 52) ot t & Isom(S'i, S'2)). Now 
we may lift f2^otofitoT£ Homeo (A) (respectively T S Homeo ^(A) or 
T £ Aut(A)). For x £ Ti, according to the notation of the theorem 12. 3[ we have 
the following diagram: 



fi'ei{x)fi 



A/K2 A/if 1 ^ A/Ki - — - A/K2 

Note that T o x o T^^ £T2. Furthermore if x £ Ki then T o x o T^^ £ K2. 
Using the diagram we have 92{T o x o T^^) = 'i't{9i{x)). 

Reciprocally we have $ o 6*1 = 6*2 o xx then xt{Ki) — K2. Therefore T £ 
Homeo (A) (respectively T £ Homeo +(A) or T £ Aut(A) ) define t £ Homeo (5i, ^2) 
(respectively t £ Homeo ^(^i, S2) or t G Isom(S'i, S2)) such that — and the 
actions are topologically equivalents (respectively directly topologically equivalent 
or conformally equivalent). □ 

Remark that for Si ^ S2 — S the actions £1 and £2 are topologically equivalents 
(respectively directly topologically equivalent or conformally equivalent ) if only if 
£i(G) and £2(G) are conjugate group in Homeo (S) (respectively in Homeo '^{S) 
or Aut(5)). 

3.1. Cyclic groups. Let G = Z/nZ be a cyclic group of order n. We consider 
G as the integers module n (G — {0, 1, • • • , n — 1} ) and F a Fuchsian group with 
signature (7; mi, • • • , m^) and presentation as (12. ip . 
The following lemma was given by Kuribayashi (see |13l Lemma 3.1]). 

Lemma 1. Let 9 : F — > G be a group epimorphism and assume that v is a 
generator of G. Then for any permutation fi 0/ {1, • • • , r} with to^q) = nij (j = 
1, • • • ,r), there exists an automorphism x o/F such that 



EQUIVALENCE OF GROUP ACTIONS ON RIEMANN SURFACES 



7 



(i) 9 o x{ai) = 60 xih) = v with i = I, - ■ ■ , 7; 

(ii) xi^j) = ^j^ti{j)-^J^ ' /"'^ some Dj e F with j — 1, ■ ■ ■ ,r. 

Remark that in the article of Kuribayashi the automorphisms of F used to computed 
the automorphism x ^-re geometric induced by orientation preserving homeomor- 
phism. 

Now on, no loss of generality consider the group epimorphism 6 given by 

(3.1) e-.r^G 

fli 1 , with i = 1 , . . , 7 
&i ~~> 1 , with i = 1, .., 7 
Xj ^ , with j = l,..,r 

where K — ker(0) is a torsion free group. 
Hence, it follow 

Theorem 3.2. Let T, V Fuchsian groups both with signature (7; mi, • • • , m^) and 
presentation as (|2.ip according to your hyperbolic polygon associated. Consider the 
group epimorphisms 9, 0' as p.ip . // there exists an s & 1 with {s,n) = 1, such 
that 

(3.2) (C^,...,C) = s(6,-,er), modn 

then the actions induced by 9 on A/K and by 9' on A/K' are directly topologically 
equivalent. 

Proof. Suppose that we have the equation p.2p , then we may define the homomor- 
phism $ : Z/nZ — !■ Z/nZ , given by $(1) = s. Then for each j we have 

$(e,)-se,-e;. 

Since s and n are relative primes, $ is an automorphism. 
We consider the following diagram 











K 



K' 



T 

F' 



Z/nZ 



Z/nZ 











hence we may define 

and then we have that the diagram is commutative. 

Since x maps generators on generators, and these elements satisfy the same relation, 
we have x is an isomorphism. Further by the commutative diagram x(^) ~ ^' 
therefore x\k '■ K ^ K' is an isomorphism. 

It follow of Theorem 13.11 that the actions induced by 9 and by 9' are topologically 
equivalent. 

Our next claim is that the actions induced by 9 and 9' are directly topologically 
equivalent. We have to construct according to [12] the hyperbolic polygons associ- 
ated F and F'. 

Since Xj and Xj are positive minimal rotation in the same angle, we have the 
automorphism x is induced by a / e Homeo ^(A). □ 
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Reciprocally consider e and e' actions on S and S", respectively, such that the 
signature for the actions is (7; toi, • • • , mr). If e is topologically equivalent to 
e' then (according to the theorem 13. ip there exists T G Homeo (A) such that 
■^toOe = 9^, o XT- Call 6* = o and 9' = (e')-i o Oe'. Then there exists 
$ e Aut (Z/nZ) such that ^oO ^9' oxt- Therefore 9' {xt{xj)) = ^{l)9{xj). 
Observe that this result is a generalization of a result of J. Gilman in which n is a 
prime number (See [9, Lemma 2, p. 54].) 

3.2. Epimorphism and local structure. In Harvey gives a relation between 
cyclic covering of Ricmann sphere and the epimorphisms of Fuchsian group using 
the rotation angles. Our result gives a relation for any covering of Riemann sphere. 
As we have seen, for an action of a finite group G on a compact Riemann surface 
S (no loss generality consider G < Aut(S')), according to theorem 12.31 we have an 
epimorphism 9 : T — > G , defined by 9{x) = f ox o f~^. Furthermore K = ker(0) 
is a torsion-free Fuchsian group and T is a Fuchsian group with the same signature 
that the action, and S is isomorphic to A/K. 

The following theorem we give a relation between the epimorphism 9, and the 
homomorphism Sp , for P fixed point of the action. 

Theorem 3.3. Let a e Aut(S')p < Aut(5) of order n, and let 

£p = {a; G Aut(A) : 3zq e A , / o TrK{zo) ~ P , x{zq) — zq and [f^^ o ct o /) o ttk ~ ttk o x} 

Then there is unique primitive complex nth root of unity ^ such that for all x € C we 
have that x is conjugate to multiplication by (, R{z) — C,z, in Aut(A). Furthermore 
C = Spia). 

The proof of this theorem can be found in [2] . 

Since C is a primitive complex nth root of unity, we may write C = where 
u!n = exp (^) and the numbers j and n are relative primes {{j,n) = 1). We call 
the rotation angle for a at P. 

Now we consider F with presentation as (|2.1I) according to your hyperbolic polygon 
associated. Recall Xj is a positive minimal rotation. Consider Zj the fixed point of 
Xj. Then Xj & Lp- where Pj = f{Trj^{zj)). 

Furthermore by the preceding theorem we have 5p.{9{xj)) — lo^^.. 

Theorem 3.4. Let G he a subgroup 0/ Aut(S'), where G acts on S with signature 
(0; mi, • • • , nir). The epimorphism 9 is determined by the fixed points of the action 
and their stabilizer groups. In other words, if we consider xj and Pj as before, then 

9{x,)^Tf 

where < Tj >= Gp^, and where the number is determined by the equations 

Sp^{tj) = uj^i^ , 1 < < mj ,{r]j,mj) = 1, 
rjj ■ = 1 mod nij 

where 1 < < rrij, with {^j,mj) = 1. 

Proof. Recall that for the fixed point Pj we have Gp- is a cyclic group of order 
nij. Let Tj be a generator of Gp-. Then 9{xj) ~ Tj' for some < f j < ruj this is 
because 9{xj) ^ Gp.. 
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Since Sp^ is a group monomorphism and Sp^ {9{xj)) = ujmj then 

therefore i^jjiTij) = 1. 

If Sp^ (tj) = uJmj (where {rij,mj) = 1) then 

hence 

1 = rjj mod rrij 

If we take another generator of Gp^ , say Tj, then we may to do the same computa- 
tions, hence 

where 

rjj ■ = 1 mod nij 

As Tj is a generator of Gp^ , we have there exists < t < rrij such that Tj = Tj thus 
we have 



u^%^5p^i?,)^Sp^(T^)^uj^; 

then 

rjj = rjj ■ t mod rrij \ ■ ^j 
% ■ = Vj ■^jt = t mod ruj I • ^j 
= Ij ■ % -ij = t- Ij mod mj 
therefore — ■ '-' 

Remark that as 9 is an epimorphism for the r— tuple {9{xi), • • • , 9{xr)) is has 

(1) G=<0(xi),--- ,9{Xr) >. 

(2) ord(6'(a;j)) — rrij , for each j = 1, .. , r. 

(3) 9ixi)---9{xr) = 1. 

In general we say that the r— tuple (ci, • • • , cr,.) € G'" is a generating vector for G 
of type (0; mi, • • • , rur) if this satisfy the three preceding conditions replace 9{xj) 
by aj. 

Thus given the action on S we have a generating vector of type the signature of 
this action. The reciprocal is know as the Existence Riemann theorem. For more 
detail see [3]- 



4. Families of Riemann surfaces with equivalent actions 

In this section we produce for each n, two families of Riemann surfaces of genus 
3(2"-l) with group of automorphisms of order 2"+^ and signature (0; 2"+^, 2"+^, 2", 2). 
For one of the families the group we will be abelian, and for the other it will be a 
semidirect product. In both cases, we will have that there exist two cyclic subgroups 
which define directly topologically, but not conformally, equivalent actions. 
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Theorem 4.1. Let fa.\ he the polynomial given by 

fa,x ix.v) = y'" - x'^ {x' - 1)" [x' - A^) [x' - \-^) 
where n, a G N, A G C, and A^ 7^ 1, 0. 

Then, for each odd number a and each A, we have that fa,\ defines a Riemann 

surface Sa.x of genus 3(2" — 1). 

Furthermore, the possible singular points for the homogeneous polynomial associated 
to fa,\ are 



case 


si(/n(2" -3a -4) 


a 


condition 


singular points 


1 


+ 


1 


n = 3 





2 


+ 




2" - 3« - 5 = 


{[0.0,1], [1,0.1], [-1,0.1]} 


3 


+ 


1 


2" - 3(1 - 7^ 


{[i.o.o]} 


4 


+ 


/I 


2" - 3a - 5 7^ 


{[0,0,1], [1,0,0], [1,0, 1],[-1,0, 1]} 


5 








{[0,0,1], [0,1,0], [1,0, 1],[-1,0, 1]} 


6 




1 


n = 1,2 


{[0,1,0]} 



Table 1: Singular points 



Proof. Observe that if 2" — 3a — 4 = then a is an even number. Moreover 
2" — 5 — 3a = for some odd number a, if only if n is an odd number. Particularly 
if a = 1 then n = 3. 

We have two cases for the homogeneous polynomial associated to fa,\- 
(1) Case 2" -3a- 4 >0. 

{X, Y, z) = y2" - x»z2"-3-4 - z^Y - \^z^) {x^ - \-^z^) 

where [X, Y, Z] e P^C (Projective plane) and x = ^ , 2/ = ^• 
For 

• 07^1,2"' — 3a — 57^0,wc have 4 singular points, they are 

{[0,0,1], [1,0,0], [1,0,1], [-1,0,1]} 

By the Normalization process we have the following charts for theses 
points 



singular point 


local coordinate 




[0,0,1] 


s^[s^'\s-ho{s),l] 


ho{0) ^ 


[1,0,1] 


s^ [s^" + l,s''hi{s),l] 


/ii(0) 7^0 


[-1,0,1] 


[s^" -l,s'^/i_i(s),l] 


/l-l(O) y^O 


[1,0,0] 


t [W'-'-'-^hooitUn 


h^{0) 



Table 2: Local coordinates for singular points case Fi 



where for each j , hj is an holomorphic maps defined on an open 
subset of complex plane. 

• a 1, 2" — 3a — 5 = 0, then n is an odd number and the singular 
points arc {[0, 0, 1], [1, 0, 1], [-1, 0, 1]} . 

• a = 1, 2" - 3a - 5 7^ 0, then n > 3, since 2" - 7 > and 2" - 8 7^ . 
Then the singidar points are {[1,0,0]} 

• a = 1, 2" - 3a - 5 = 0, then n = 3, since 2" - 7 > and 2" -8 = 0. 
Then in this case Fi has not singular points. 
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(2) Case 2" - 3a - 4 < 0. 

F2 {X, Y, Z) - r2"z3''+4-2" _ x« - z^Y [X^ - X^Z^) {X^ - x-''z') . 
If a 7^ 1 , we have that the singular points are 

{[0,0,1], [1,0,1], [-1,0,1], [0,1,0]} 
By the Normahzation process we have the following charts for theses points 



point 


local coordinate 




[0,0,1] 




.90 (0) = 1 


[1,0,1] 


s [s^" + l,s°'gi{s),l] 


.9i(0)^0 


[-1,0,1] 




5-i(0)^0 


[0,1,0] 


t^[t^-+4-2'^g^(t),l,i^-+4] 


5oo(0) = 1 



Table 3: Local coordinates for singular points case F2 

where for each j , gj is an holomorphic maps defined on an open subset of 
complex plane. 

Now if a = 1 as 2" — 3a — 4 < then n < 2. These cases are studied by G. 
Gonzalez-Diez and R. Hidalgo in [8 . 

Now using the Normalization process we get a Riemann Surfaces of genus 3(2" — 1). 
This is because we may define the holomorphic map tt : Sa,\ — > C given by 
7r(x,2/) = X. 

Note that tt has degree 2". The ramification point set of tt is 

(4.1) B = {Po, Qo, [±1, 0, 1], [±A, 0, 1], [±\-\ 0, 1]} 

where Pq = [0, 0, 1] and either Qo = [1, 0, 0] (if 2" - 3a - 4 > 0) or Qo = [0, 1, 0] (if 
2"-3a-4<0). The branch point set is 7r(B) = {0, 00, ±A, iA^^, ±1}. For each 
P E B we have the multiplicity of P is 2". 

By the Riemann-Hurwitz formula it follow the genus of S* is 3 (2" — 1). □ 

The following theorem yields information about the automorphisms group of Sa.x- 
The interest of the theorem is in the assertion that for each Riemann surface Sa,x 
the automorphisms group is not trivial (except some cases). 

Theorem 4.2. LetTi,T2 be the self-maps of Sa,\ defined by 

Ti{x,y) = (-a;,a;2"+iy) 

f 1 w2"+iy\ 
T2[x,y) = -, —\ 

where c is a natural number determined by the equation c ■ 2"^^ — 2a + 2. 
Then ti,T2 € Aut(S'a,A) md they have order 2"+-'^ each. 
Furthermore depending on the values for a we have: 

(1) If c is an even number, then Gi =< ti, r2 > is an abelian group, isomorphic 
to Z/2"+iZ X Z/2Z. 

We call ©1 the corresponding family of surfaces. 

(2) // c is an odd number, then G2 =< Ti,T2 > is a group isomorphic to 
Z/2"+iZ x/i Z/2Z,, where T2T1 = Tf'+V2. 

We call 62 the corresponding family of surfaces. 
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Proof. It is not difficult to check that fa,\{Ti{x,y)) — and fa,\{T2{x,y)) — 0. 
Note that 



Then the order of is 2", since lo'^„+i is a 2"-th primitive root of unity, therefore 
Ti and T2 has order 2"+^. 

Now we consider the homogeneous coordinates for ti , T2 . They are given by 

Ti[X,Y,Z] = [-X,uj2'^^iY,Z] 

T2[X,Y,Z] = [ZX^-\uj2^+iYZ''-^,X^] 

To prove that Ti,r2 G Aut(5a_A)j we must prove that for any charts {U,ip), {V,(j)), 
on Sa.x, such that C\U ^ % , the map ip o Tj o , is a holomorphic function 

(on some subset of C). 

We will do the computations for T2 at Pq and suppose 2" — 3a — 4 > 0. 
Using the chart at Pq (see table 2, theorem 14. ip we have 



T2[s''\s''ho{s),l] = \^l,s^"-^''-^u;2^^ihois),s^" 
then T2{Po) = Qo- 

Now consider the chart at Qq given in the table 2, theorem l4.1l Then 



ipoT2 0(j) i(s) = (/jor2[s2",s°/io(s),l] = (/3[l,s^" ■*W2..+i/io(s),s^"] =a;s 

where w is a 2"-th root of unity (we recall that — s"^ ). Therefore, the map is 
a holomorphic function. 

It is not difficult to verify the preceding process for the other charts. 
Recalling that 2"~^c = 2a + 2, we have 

nT2[X,Y,Z] = [-ZX--\oJl.^^Z--^Y,X'] 



{T1T2 [X, Y, Z] , c is an even number 
rj^ '^^T2[X, Y,Z] , c is an odd number 

It is not difficult compute the elements of the group generated by ri and T2. The 
cardinality of this group is 2"+^. 

If c is an even number then the group is abelian. It is not difficult prove that the 
group < Ti,T2 > is isomorphic to Z/2"+^Z x Z/2Z. In this case we call Gi =< 

Tl,T2 >■ 

Now if c is an odd number then the group < ti,T2 > is isomorphic to Z/2"+^Z Xf^ 
Z/2Z. In fact, the element 1/ = T2 has order 2 and we may define h :< v >— > 

Aut(< Ti >) given by h{i'){Ti) = r^"+^. In this case we call G2 =< ti,T2 >. □ 

We remark that for a = 1 as c G Z then n < 3. If n < 3 then c is an even number 
and theses cases were studied [8j. If n = 3 then c = 1. Furthermore we conclude 
that the case (3) in the table 1, theorem 14.11 it has not automorphisms of type Tj 
for j = 1, 2. 

For the case (2) in the table 1, theorem 14. 11 also it has not automorphisms of type 
Tj for j = 1,2. 

By the preceding theorem for Si G 61 we have that the group Z/2"+-'^ZxZ/2Z ~ Gi 
acts on Si . Now we are interest in compute the signature of this action and the 
signature of yours subgroups. The following theorem summarize this information. 
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Theorem 4.3. The cyclic subgroups of Gi acting with fixed points (different) are 
given as follows: 

(1) Hi =< Ti > subgroup of order 2"+^, acting on Si with signature 
(0;2"+i,2"+i,2",2",2"). 

(2) H2 =< T2 > subgroup of order 2"+^, acting on Si with signature 
(0;2"+i,2"+\2",2",2"). 

(3) i?3 Ti > subgroup of order 2", acting on Si with signature 
(0; 2", 2", 2", 2", 2", 2", 2", 2"). 

(4) _ff4 =< Ti Ti > subgroup of order 2, acting on Si with signature 
(2" - 1; 2"+i • 2) (rf^'^-^Ti has 2"+^ fixed points). 

Furthermore, we have that the group Gi acts on Si with signature (0; 2"+^, 2"+^, 2", 2) 
and that Gi = Aut(5'i), except for finitely many Si & <Si. 

Proof. We will compute the fixed points. 

For Ti the fixed points on Si are {Po, Qo} (recall equation (|4.ip ). 

For T2 the fixed points on Si are {[1,0, 1], [—1,0, 1]}. Remark that T2(Po) = Qo- 

For tI where j is an even number the set of fixed points on is B (recall equation 

If T^T2 has fixed point then j = 3 • 2"~^c — 1 or j = 2^~^c — 1. Since c is an even 
number then 

(4.2) Ti T2 = Ti T2 

this is because 3 • 2"~^c — 1 = 2"^^c — 1 mod 2"+^. In this case the fixed points 
on 5*1 are 

[i,p,l]: =-(2i)'^(l + A2)(l + A-2) 

[-Z, <?,!]: q^" ^i2iril + \^)il + X-^) 

It is not difficult to compute for each Hj the signature using Riemann Hurwitz 
formula. 

Let r be a Fuchsian group with the above signature. By Singerman |17j . there is 
no other Fuchsian group with signature of the form (0;a, 6, c, d) that contains it 
strictly. It follows that it may only be contained in a triangular signature. Hence 
by dimension arguments, F cannot be contained strictly in other subgroup as finite 
index subgroup except for a finite number of possibilities (up to conjugation by 
Mobius transformations). Therefore, the family of Riemann surfaces does not have 
any other automorphisms than those of Gi, except for finitely many Si G ©1. 

□ 

We can now state the analogue of the preceding theorem for ^2 G 62- 

Theorem 4.4. The cyclic subgroups of G2 acting with fixed points (different) are 
given as follows: 

(1) Hi =< Ti > subgroup of order 2"+^, acting on S2 with signature 
(0;2"+i,2"+\2",2",2"). 

(2) H2 —< T2 > subgroup of order 2"+^, acting on S2 with signature 
(0;2"+i,2"+\2",2",2"). 

(3) H3 =< Ti > subgroup of order 2", acting on S2 with signature 
(0; 2", 2", 2", 2", 2", 2", 2", 2"). 
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(4) H4 —< rj^'^ ^ > subgroup of order 2, acting on S2 with signature 
(5 • 2"-2 _ 1; 2" . 2) (Vf ^''^''^^ V2 has 2" fixed points). 

(5) Ht^ ~< '^^^T2 > subgroup of order 2, acting on S2 with signature 
(5 • 2"-2 _ 1; 2" . 2) (Tf''''^^T2 has 2" fixed points). 

is a subgroup conjugate to H4. 

Furthermore, we have that the group G2 acts on S2 with signature (0; 2"+^, 2"+^, 2", 2) 
and that G2 — Aut(S'2), except for finitely many S2 G &2- 

The proof is similar to that theoreni l4.3l Recah that in this case c is an odd number. 
Then the equation (j4.2p is not true. Therefore there exist two subgroups of order 
2 that it has fixed points. It is not difficuh prove that these groups are conjugate. 
For any these case it has 2" fixed points and the same signature. 

For all P fixed point given by the theorems 14.31 and 14.41 we may compute the value 
of (5p. According the remarks of the theorem 14.21 we have just 3 cases to compute. 
In the table 1 ( theorem l4.ip they are: case (1), case (4) and case (5). Remark that 
the case (6) was study in [8]. 

Case (1). n — Z , a — 1 , c— 1 



order 


r 


P 


6p{t) 


16 




[0,0,1] 


W16 


16 


n 


[1,0,0] 




16 


rt 


[1,0,0] 


Wl6 


16 


T2 


[1,0,1] 


WI6 


16 


T2 


[-1,0,1] 


'^le 


16 


r| 


[-1,0,1] 


W16 


8 


rt 


[A, 0,1] 


W8 


8 


ri 


[-A,0,1] 


W8 


8 


rt 


[A-\0,1] 




8 


rt 


[-A-\0,1] 


W8 



Case (4). 2"-3a-4>0,a>l,2"-3a-57^0 



order 


r 


P 


local auto. 


6p{t) 


2"+i 


n 


[0,0,1] 


joa = 1 mod 2"+^ 
jo is an odd number 




2"+i 




[0,0,1] 






2«+i 


n 


[1,0,0] 


joo(-3a - 4) = 1 mod 2"+^ 
joc is an odd number 




2"+i 


^-3a-4 


[1,0,0] 




u;2n+i 


2«+i 


T2 


[1,0,1] 


jia = 1 mod 2"+i 
ji is an odd number 


^2" + ! 


2«+i 


~2 


[1,0,1] 




a;2n+i 


2«+i 


T2 


[-1,0,1] 


j_ia = 1 mod 2"+l 


c is an even number 








j_i is an odd number 
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order 


r 


P 


local auto. 


Sp{t) 


z 








c is an even number 


2TI+1 


T2 


[-1,0,1] 


jr'_ia = 2" + l mod 2"+i 
j-l is an odd number 


c is an odd number 






[-1,0,1] 




c is an odd number 




o(2"+l) 
^2 


[-1,0,1] 




c is an odd number 


2" 




[A, 0,1] 


y a;^„+iy 


W2" 


2" 




[-A,0,1] 


y ^l^+iV 


UJ2" 


2" 




[A-\0,1] 


y ^ uj'^„+iy 


W2" 


2" 




[-A-\0,1] 


y --^ Wan+iy 


W2" 



Case (5). 2"-3a-4<0,a>l 



order 


T 


P 


5p{t) 


2"+i 


Tl 


[0,0,1] 




2n+l 


Tf 


[0,0,1] 


CiJ2"+i 


2"+! 


Tl 


[0,1,0] 


, ,Joo 
'^2n + l 


2"+i 


-3a-4 


[0,1,0] 


W2"+i 


2"+i 


T2 


[1,0,1] 


, ,Jl 


271+1 


'2 


[1,0,1] 


a;2n+i 


2^+1 


T2 


[-1,0,1] 


c is an even number 


2"+i 


'2 


[-1,0, 1] 


c is an even number 


2"+i 


T2 


[-1,0,1] 


c is an odd number 


2"+i 


~2 


[-1,0,1] 


,2"+l 
c is an odd number 


2^+1 


a(2" + l) 
^2 


[-1,0, 1] 


c is an odd number 


2" 




[A, 0,1] 




2" 


rf 


[-A,0,1] 


W2" 


2" 


rt 


[A-^0,l] 


W2ri 


2" 


ri 


[-A-\0,1] 


LJ2'^ 



4.1. Geometric presentation. We have showed that, for each Si G ©i, the group 

Gi ~ Z/2"+iZ X Z/2Z 

acts on 5*1 with signature (0; 2"+^, 2"+^, 2", 2). For this action, we have that the 
4-tuple 

(r^T2^T^T^"^^-V2) 
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is a generating vector. Using the polygon method pLi, according to signature, we 
find a presentation for Gi . We thus obtain the polygon 




We caU Di ,D2,Dj, the elements associated respectively to rf, , r^. 
picture we conclude the relationships 



From the 



D^DtD:, = 1, 

D2DiD^^D:[^ = 1, 

- 1, 

= 1, 



grid 
dots 

vertical lines 
horizontal lines 



The reader should keep in mind that we are in the case where c is an even number 



and 2" 



2a + 2. It is not difiicult to verify that j ~ T' 



2. 



The following proposition is a consequence. 

Proposition 1. G\ has a presentation of the form 
(4.3) 



Di,D2,D3,Di 



Di 



2"^ 



Dr 



^3 



Df" 



= 1 



DiD2DiDi = 1, DID:^^ = 1, 
where c is an even number. 

Proof. Call Gi to a group with presentation (14. 3p . 

First we may see that D1D2 = D2D1. This is because D\ = D| and D3 = D"^ 
then Di = D"^ ~^D2 and it has order 2. 
Now we have 

Gi = {DiD\ : < j < 2"+\0 < i < 1} 

Then Gi is an abelian group of order 2"+^. Furthermore Gi is isomorphic to 
Gi. This is because we may define an isomorphism $ given by $(£)i) = ri and 

$(Ll2) = T2. □ 



Also we have showed that, for each S2 G &2, the group 

G2 ~ Z/2"+iZ x,,Z/2Z 

acts on 5*2 with signature (0; 2"+^, 2"+^, 2", 2). For this action, we have that the 
4-tuple 

[Ti ,T2,Tj_,T^ T2) 
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is a generating vector. As before, using the polygon method [1 , according to 
signature, we find a presentation for G2. We thus obtain the polygon 




We call Di ,D2 ,Dz the elements associated respectively to rf, , . From the 
picture we conclude the relationships 

D^D^^ = 1, vertical lines 

D-[D^^ — 1, horizontal lines 

The reader should keep in mind that we are in the case where c is an odd number 
and 2"--ic = 2a + 2. It is not difficuh to verify that j = 3 • 2"-ic - 2, for n > 3. 
For n = 3 we have a = 1 hence j — 2. 
The following proposition is a consequence. 

Proposition 2. For n > 3, G2 has a presentation of the form 
(4.4) 

D 



= Df = Df =Dl = l, 



4 

3-2" 
1 



c-2r,-l 
^3 



Proof. Call G2 to a group with presentation (|4.4p . 



First we will see that D2D1 — D\ ^^D2- In fact as D4 has order 2 we have 
= D1D2D3 then 



D}-^-^"^D2 



but as c is an odd number we have 1 — 3 • 2"'c = 2" + 1 mod 2"+^ . 

Therefore we may define an isomorphism $ : G2 — > G2 given by — ti and 

$(£'2) = T2. □ 

4.2. Classification of actions on ©1 and ©2- In this section we will study the 
epimorphisms associated to the actions defined in the previous section. From now 
on we consider the notations as in theorem 12.31 Recall that in any case (abelian 
and no abelian) Hi ~< ti > is a subgroup of Aut(5i) for i — 1,2, and acts 
with signature (0; 2"+\ 2"+\ 2", 2", 2"). Then there exist a Fuchsian group Fi^^ 
with signature (0; 2"+i, 2"+^, 2", 2", 2") and an epimorphism Oi^, : Ti^, Hi. We 
consider for Fi ^ a presentation according to your hyperbolic polygon associated 



r _ / . 2"+i 



2" + i 



^5,1 



1 — '^l.i'^2.i'^3,i^4:.i^5.i 



where for each j — 1,2,3,4 we have X j IS a positive minimal rotation. 
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Moreover there exists an isomorphisms fiA '■ A./Ki^i —> Si, where Ki^i = ker(0i_i). 
Call Pj,i = fi,i (ttki then we have 

^P3,,i(^iA^3,i)) = W2", (5p4,. (6*1,1 (a;4,i)) = 

By the theorem 13.41 and the tables with the computes oi Sp (case (1), case (4) , 
case (5)) we have that if 

Pi,, = [0,0,1], P2,r=T2(Pl,r), = [1 , 0, 1] , Pi,, = [A, 0, 1] , 

then 

(^M(a;i,,),0i,,(2;2,.),^i,z(a:3,»),f?i,.(a:4,O,ei,,(a;5,,)) = (rf , r-3--4^ rf", rf, r^) 

We may do the same process for H2 r2 >. It follow there exist a Fuchsian group 
V2.i with signature (0; 2"+i, 2"+^, 2", 2", 2") and an epimorphism 6l2,i : Ti,, H2. 
The group r2,i has a presentation 

where for each j — 1, 2, 3, 4 we have yj^i is a positive minimal rotation. 

Moreover there exists an isomorphisms /2,i : A/_R'2,i ^ 'S'i, where iir2,i = ker(02,j)- 

Call (3j,j = /2,, {'^K^^i{zj,i)). If 

Qi,, = [1,0,1], Q2,, = [-1,0,1], Q3,« = [0,0,1], Q4,. = [A,0,1]. 

then 

(1) For c an even number 



(6*2, i(yi,i), 6*2, i(?;2,i), 6*2,1(^3,1), 6*2,1(^4,1), 6*2, i(2;5,i)) = ( 



_o a 2a J2 J2\ 
~2 , ~2 , ~2 , ~2 , ~2 i 



(2) For c an odd number 

(^2,2(2/1,2), 02,2(2/2,2), ^2,2(^3,2), 02,2(2/4,2), 02,2(2/5,2)) = (t-2°, T2"''"+'\ r|^ r22, t|) 

Theorem 4.5. Assume that 2" — 3a — 5 7^ and a > 1 fcase ('^j and case (5) 
theorem \4.1^ . Then the actions induced by Hi and H2 on Si G 6i for each i = 1,2, 
are directly topologically, but not conformally, equivalent, except for Si defined by 
X = ±l±V2. 

Proof. We consider the isomorphism ^ : Hj ^ Z/2"+^Z and given by $(tj) = 1. 
With this isomorphism we may associate to each generating vector a 5-tuple of 
elements in Z/2"+^Z. Thus we have 

• If c is an even number, then 

(a, a, 2a, 2, 2) = (a, -3a - 4, 2a, 2, 2) mod 2"+^ . 

• If c is an odd number, then 

(a, a(2" + 1), 2a, 2, 2) = (a, -3a - 4, 2a, 2, 2) mod 2"+^ . 

By theorem l3.2l we have in these cases s — 1, then the actions are directly topolog- 
ically equivalent. 

Now we will prove that for Si defined by A 7^ ±1 ± \/2 the actions on Si are not 
conformally equivalent. 

We will follow the idea of the proof given by G.Gonzalez-Diez and R. Hidalgo 8^ in 
the case n = 2 with a = 1 and c — 2. 
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By contradiction we suppose that are conformally equivalent; that is, there exists 

(T on Aut(5i) such that (tti = Tjcr , where j is an odd number. 

Now we consider the holoniorphic branched covering associated to the action of 

=< rf > on Si, this is w : Si — > C given by 7r(a:, y) = x. 
Hence we have the following diagram 



S, 



S, 



C - S,/H^ 



where T is given by T{x) :— tt {a{x, y)) , for x e C, where {x, y) G Tr~^(x). 
It is not difficult prove that T is a Mobius transformation. 
Consider the set B of the fixed points of f (|4.ip '). 

Note that 7r(B) = {0, oo, ±1, ±A, ±A"H and a{B) = B then T {^{B)) = tt{B) . 
Furthermore T{Q),T{oo) £ {1,-1}. This is because a map the fixed points of ti 
on the fixed points of T2. 

Now consider the coverings associated to the subgroups Hi and H2. Then we have 
the following commutative diagram 



S^/Hl 



<C = S,/H2 



where 7ri(x) 



T^2{x) ^ x -\- - and R{x) — tt2T{xq), with 7ri(xo) = x. 



For Tj : C — > C {j = 1,2) defined by Ti{x) = ~x and T2ix) = Mt has that 
TjTT = TTTj {j — 1, 2). Remark that for each j, tTj is the covering associated to the 
action Tj. Using these properties we may prove i? is a Mobius transformation. 
Recall T{-k{B)) = tt{B) = {0, oo, I, A^, A^^} and T({0,oo}) = {1,-1}. Then we 
have 

(4.5) i^({0,c3o,l,A^A-2}) = {oo,±2,± (A + A-i)}, 

and R{0),R{oo) G {2,-2}. 

In the case -R(O) = 2 , R{oo) = —2 and i?(l) = oo, we have R{z) = 



2z 



particular, i?(A^) 



2(A2 + 1) 



1 



In 



, which must be (by (|4.5I) ) equal to ±(A + A 



1- A2 

From this, and the fact that A^ ^ 1, we deduce that A — ±1 ± a/2- In the other 
case we have the same values as before for A. 

It follow that the action induced by Hi and H2 are not conformally equivalent for 

□ 

Remark in the case (1), theorem 14.11 (n = 3 , a = 1 and c = 1), it follow the 
consequences of the preceding theorem. In this case the generating vectors are 

Hi : {ti,t^,t^,t^,t^) , H2 : (t2, r|, t^,t^,t^) 
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and the proof that the actions are not conformally equivalent is the same as that 
for the preceding theorem. 

If A = Ao = 1 + \/2, then the automorphism a is given by 



In both cases (c is an even number or c is an odd number) the group gener- 
ated by Ti , T2 and a acts on the Riemann surfaces defined by Aq with signature 
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